Mechanical vibrations and flow fluctuation give rise to complex interactive vibration mechanisms in hydraulic pumps. The working conditions for a hydraulic pump are therefore required to be improved in the design stage or as early as possible. Considering the structural features, parameters, and operating environment of a hydraulic plunger pump, the vibration modes for two-degree-offreedom system were established by using vibration theory and hydraulic technology. Afterwards, the analytical form of the natural frequency and the numerical solution of the steady-state response were deduced for a hydraulic plunger pump. Then, a method for the vibration analysis of a hydraulic pump was proposed. Finally, the dynamic responses of a hydraulic plunger pump are obtained through numerical simulation.
Introduction
Since there have been increasingly higher requirements imposed on the engineering quality, the accuracy, and reliability of products, it is an urgent task to study and solve various vibration problems existing in industrial machinery. Due to increasing system complexity, rapid operations, and improved accuracy of mechanical devices, vibration is a serious issue. Therefore, both the static strength effect and the dynamic force effect must be taken into account while designing mechanical devices [1] [2] [3] .
Many studies have been performed to analyse the dynamic performance of hydraulic components and systems. To prevent hydraulic systems from breaking down, analysis of their vibration is required. An effective method of reducing vibration and noise needs to be developed: its aim is to improve the performance of hydraulic devices and thus reduce the vibration and noise in hydraulic systems. Vibration and noise arise from the interaction between solids and the fluid here. Fluid-structure interaction (FSI) not only reflects the essence of vibration noise in hydraulic system but also is the leitmotif for research in the field. Fluid-structure interaction would be caused between solid and liquid under different conditions. The field of hydraulic model and vibration has been discussed in some research [4] [5] [6] [7] . A block diagram for the vibration analysis of a hydraulic component and system is shown in Figure 1 .
A hydraulic pump is the main vibration and noise source in a hydraulic system, and its working state determines the safe operation of hydraulic components therein. Therefore, it can be seen that mechanical vibrations and flow fluctuations not only affect the engineering quality but also reduce the lifespan of hydraulic components and systems, generate noise pollution, and even cause damage. Furthermore, they may give rise to accidents. Studies relating the vibration of hydraulic pump mainly focus on the analysis of test data and the reduction in vibration and noise [8] [9] [10] [11] [12] [13] [14] [15] [16] , and quantitative simulations have also been conducted to analyse the vibrations thereof. The vibration analysis of a hydraulic pump is beneficial for controlling noise and vibration.
Influenced by the design, structure, and operating environment of a hydraulic plunger pump as well as the inherent characteristic curve, flow pulsation is bound to be generated. Flow and pressure pulsation are two of the leading reasons for noise and vibration being generated by a hydraulic pump. This paper gave full considerations to the vibration problems caused by flow and pressure pulsation in a hydraulic plunger pump and converted the simplified formula into an excitation describing the vibration system of a plunger pump. In addition, a vibration mode for the two degrees of freedom in a hydraulic plunger pump was made available for practical calculation and was established to estimate the vibration of a hydraulic plunger pump under specific working conditions. Meanwhile, the model reveals the basic mechanisms of vibration and noise in a hydraulic plunger pump. By conducting the dynamic analysis using the proposed approach, a better understanding of hydraulic plunger pumps can be obtained.
Vibration Model for
Two-Degree-of-Freedom System for a Hydraulic Plunger Pump
Vibration Model of Plunger
Pump. The vibration model for the two degrees of freedom of a hydraulic plunger pump was developed based on the data and conditions regarding the structural features, parameters, variables, constraints, operational states, and flow pulsation. The model is shown in Figure 2 . It was assumed that the mass of the cylinder block of the hydraulic plunger pump was 1 (kg), and the masses of its retainer plate, seven plungers, and sliding shoes were merged and represented by 2 (kg). The connection stiffness and the damping between the cylinder block and port plate were, respectively, set to 1 (N/m) and 1 (N⋅s/m). The cylinder and retainer plate were connected by a central spring whose stiffness and damping were 2 (N/m) and 2 (N⋅s/m), respectively. The sliding shoes were connected with an angle plate with a connection stiffness and damping of 3 (N/m) and 3 (N⋅s/m), respectively.
According to the proposed vibration model, the positive directions of the acceleration and excitation were determined, which were in accordance with the positive direction of the coordinate axes. The deduced vibration differential equation is
where the constant matrices including M = [ ], C = [ ], and K = [ ], which are constituted by coefficient matrices, are, respectively, the mass matrix, damping matrix, and stiffness matrix: the vector x = { } is the displacement vector.
Flow Pulsation.
One of the most influential factors in the vibration model of hydraulic plunger pump is the value of input vibration excitation; because flow pulsation is the source of pressure pulsation, flow pulsation has to be analysed to study pressure pulsation. Flow pulsation refers to the instantaneous flow variation when a hydraulic pump is running. When a hydraulic pump keeps operating continuously, the ever-changing sealing volume is expected to be generated in a majority of hydraulic pumps. Meanwhile, the instantaneous flow changes repeatedly, and some instantaneous, nonconstant flow may generate flow pulsation. The instantaneous actual flow of a hydraulic plunger pump may be given as follows. When 0 ≤ ≤ and 0 = ( + 1)/2,
When ≤ ≤ 2 and 0 = ( − 1)/2,
Shock and Vibration 3 where represents the cross-sectional area (m 2 ) of the plunger; is the radius (m) of the central circle of the plunger, and indicates the diameter (m) of the plunger; denotes the inclination angle (rad) of the angle plate, is the number of the plungers, and is the angular velocity (rad/s) of the oil cylinder block; is the rotational speed (rpm) of the plunger pump, is the volumetric efficiency, and is the half included angle (rad) between two adjacent plungers and = / ; represents the angular displacement (rad) of the cylinder block, and = . Let
Converting the instantaneous actual flow into a function of time ( ), then
where 1 and 2 represent the instantaneous flow through the plunger pump. It can be seen that when = /2 and = 3 /2 (namely, = /2 and = 3 /2 ), instantaneous flow was at a maximum, max ; when = 0 and = (namely, = 0 and = / ), instantaneous flow was at a minimum, min . Therefore, the flow pulsation coefficient can be defined as follows:
where is the theoretical mean flow. When the cylinder block of the plunger pump rotates through one complete revolution, each plunger moves back and forth once in a cycle of oil adsorption and extrusion. Therefore, the theoretical mean flow and the actual flow can be presented as
2.3. Pressure Pulsation. Flow pulsation inevitably gives rise to pressure pulsation, which indicates that the flow and pressure output from the hydraulic plunger pump change with time. Therefore, the flow and pressure output by hydraulic plunger pump are not necessarily stable. The change in the volume of a hydraulic plunger pump always results in fluctuations in output pressure and fluid flow, leading to the generation of noise and vibration. According to the fundamental principles of fluid dynamics, the change of the flow in the closed cavity between the plunger and cylinder block of a hydraulic plunger pump inevitably leads to a pressure change. With respect to a compressible flow, its instantaneous pressure can be represented by the following formulas. When 0 ≤ ≤ / ,
When / ≤ ≤ 2 / ,
where represents the elastic modulus of the flow (Pa) and the volume of the closed cavity for a single plunger is = = ( 2 /2) tan .
Fourier Series Simulation.
The flow and pressure pulsation in a hydraulic plunger pump are a nonharmonic periodic function, which can be represented by a harmonic Fourier series. Thereby, the dynamic response problem corresponding to the harmonic excitation of its Fourier series can be solved. The periodic excitation function in an interval of [ 1 , 2 ] is unfolded as the Fourier series; namely,
where 1 = 0 and 2 = 2 / . Equation (9) shows that a complex periodic excitation function can be decomposed into the superposition of a series of harmonic functions. The coefficients of Fourier series 0 , , and can be determined as follows:
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(10b)
The function ( ) can be represented by Fourier series as long as the defined integrations of and actually exist. If ( ) cannot be represented by means of function, it can be calculated through approximate calculation. The periodic pressure pulsation indicated by formulas (8a) and (8b) is unfolded as the Fourier series, and the coefficient of Fourier series is
Therefore, the quantity of pressure pulsation induced by the quantity of flow pulsation can be expressed as
where is the quantity of pressure pulsation of the plunger pump. The sum of pressure pulsation and mean pressure expresses the pressure work in pump; that is, ( ) = 0 + ( ). That means the pressure work in pump is always greater than zero. According to (12) , the multiseries pressure pulsation function can be simulated using a Fourier series, and Figure 3 shows the pressure pulsation function as ( = 1, 2, . . . , 10) with its different values.
From Figure 3 , the quantity of pressure pulsation change reciprocated at mean pressure port, positive value of vertical axis expresses the direction of pulsation quantity which is the same as -axis, negative value of vertical axis expresses the direction of pulsation quantity which is opposite to -axis, and the pulsation quantity function is periodical change in value and direction. Therefore, as long as relevant conditions are satisfied, all periodic functions can be described as harmonic, according to Fourier series; the complicated quantity of pressure pulsation function is expressed as harmonic function, convergent Fourier series: this solves the response problem of harmonic excitation and caused piston pump to move circularly.
System Excitation.
The excitation of the vibration system for the two-degree-of-freedom system of a hydraulic plunger pump caused by flow and pressure pulsation is given by
where represents the cross-sectional area of the cylinder hole of the cylinder block, = 7( /4) 2 , and is the diameter of piston. Consider
where is the cross-sectional area of a single plunger and here ≈ 7 ; therefore, the excitation 2 ( ) is considered to be equal to − 1 ( ), where 1 ( ) and 2 ( ) are a pair of action and counteraction forces with the same magnitude but acting in opposite directions.
Vibration of the Two-Degree-of-Freedom
System of a Hydraulic Plunger Pump
The Natural Frequency and Modes of Vibration of the System. As seen from (1), matrices M = [ ], C = [ ],
and K = [ ] are symmetrical, and the matrix elements are, respectively, listed as follows:
Shock and Vibration To study the inherent characteristics of a hydraulic plunger pump, the deduced characteristic equation, or frequency equation, of the two-degree-of-freedom system of a hydraulic plunger pump may be given as follows:
Δ (
2 ) = 1 2 4 − ( 1 22 + 2 11 ) 2 + 11 22
Equation (15) is a quadratic equation in 2 , and its roots are 
Since
, as seen in (16), the value of the item following the ∓ sign was smaller than that to the left of it, and thus 
Therefore, the constants in pairs such as 
2 can determine the natural vibration modes or main vibration mode displayed by the system when the system conducts synchronous harmonic motion, respectively, at frequencies of 1 and 2 . These constants can be expressed by the following matrices:
There are two natural frequencies in this system, and correspondingly there are two natural vibration modes. The lower frequency 1 is the first-order natural frequency or, simply, the fundamental frequency, while the higher frequency 2 is the second-order natural frequency. The corresponding vibration modes u (1) and u (2) are, respectively, the first-order and second-order natural vibration modes.
Dynamic Response of the Pump System.
With the improvement and development of computer software, hardware, and technology, almost all engineering problems can be simulated quantitatively with high precision. Numerical simulation involves the solution of a mathematical problem whose exact solution is hard to find in practical engineering. The numerical simulation applied to mechanical vibration problems must discrete the time history for a dynamic response within the time domain so as to discretize the differential equation of motion and numerical equations at different moments. Meanwhile, the speed and acceleration at a given time are described by the combination of the displacements at adjacent time steps. As a result, the differential equation of motion of the system is converted into algebraic equations at discrete time steps. Then, the values corresponding to a series of discrete times are obtained by numerical integration of the differential equation of motion of the coupling system. There are many commonly used approaches for finding the dynamic response of such systems, including (1) central difference, (2) Houbolt, (3) Wilson-, and (4) Newmark-.
A Numerical Example
The mass of the cylinder block of a certain hydraulic plunger pump was 1 = 2.7 kg, and the masses of the retainer plate, seven plungers, and its sliding shoes were merged together as 2 = 1.8825 kg. Suppose that the connection stiffness and damping between the cylinder block and the port plate were, respectively, 1 = 3.6 × 10 7 N/m and 1 = 329.0 N⋅s/m, and the stiffness and damping between the cylinder and the retainer plate were 2 = 5.0 × 10 5 N/m and 2 = 223.0 N⋅s/m, respectively; the stiffness and damping between the sliding shoes and the swash plate were, respectively, 3 = 7.7 × 10 7 N/m and 3 = 490.0 N⋅s/m. The inclination angle of the swash plate was = 19.5 ∘ , the radius of the central circle of the plunger was = 0.285 m, the diameter was = 0.019 m, and number of the plungers was = 7. Meanwhile, the rate of rotation of the plunger pump was = 1500 rpm. The elastic modulus of the flow and the volumetric efficiency of the plunger pump were, respectively, = 1.226 × 10 3 MPa and = 0.95. This research attempted to obtain the natural frequency and vibration modes of the system as well as its vibration response.
According to the known conditions, here we have
By substituting the above into (16), the natural frequency could be obtained:
The values of 1 and 2 can be obtained by substituting 
The natural modes of vibration for the system can be calculated according to (18a) and (18b):
(22) Figure 4 shows the two natural modes of vibration: in the first-order vibration mode, the two masses move forward with an amplitude ratio of 1 : 0.0119; in the second-order vibration mode, the two masses move adversely with an amplitude ratio of 1 : 120.9773. It is noted that there is a nodal point of zero displacement in the second-order natural mode of vibration.
Newmark-method was applied to the vibration model here, and the values of and were taken, respectively, as = 1/4 and = 1/2. The displacement 1 (m) of mass 1 and displacement 2 (m) of mass 2 over time were as shown in Figure 5 .
As discovered during calculation, owing to the unstable initial running stage of the hydraulic plunger pump and the superposition of transient and steady-state vibrations, the system vibrated irregularly at large amplitude. However, the transient vibration gradually weakened and finally vanished after a period of time, and the system vibration reached a steady state. The amplitude of steady-state vibration of the plunger pump was acceptable in its smooth running stage. Meanwhile, compared with the retainer plate, seven plungers, and sliding shoes, the amplitude of the cylinder block of the plunger pump is much greater. The numerical calculation results can provide quantitative theoretical support for the accurate design of a hydraulic plunger pump.
Conclusions
The mechanical vibration analysis and the dynamic design are key points during the engineering design of mechanical products and are crucial for producing products with the required dynamic characteristics. While conducting vibration analysis and dynamic design on a hydraulic plunger pump using the proposed approach, the actual design level and dynamic characteristics of the hydraulic plunger pump are expected to be improved. This can also prevent malfunctions and accidents caused by breakdowns. Based on using vibration theory and hydraulic technology, this research has developed a vibration model for the dynamic analysis of a two-degree-of-freedom hydraulic plunger pump system. Meanwhile, the inherent characteristics and dynamic response of the hydraulic plunger pump were studied and were used to estimate the vibration of a hydraulic plunger pump under regulated working conditions. In addition, the basic mechanisms of noise and vibration in a hydraulic plunger pump were revealed.
